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THE FOCUSING CUBIC NLS ON EXTERIOR DOMAINS IN 
THREE DIMENSIONS 

ROWAN KILLIP, MONICA VISAN, AND XIAOYI ZHANG 


Abstract. We consider the focusing cubic NLS in the exterior Q of a smooth, 
compact, strictly convex obstacle in three dimensions. We prove that the 
threshold for global existence and scattering is the same as for the prob¬ 
lem posed on Euclidean space. Specifically, we prove that if E{uq)M{uq) < 
E{Q)M{Q) and HV'Uolbll'iiolb < ||V(2||2HQIb, the corresponding solution to 
the initial-value problem with Dirichlet boundary conditions exists globally 
and scatters to linear evolutions asymptotically in the future and in the past. 
Here, Q{x) denotes the ground state for the focusing cubic NLS in R^. 


1. Introduction 

We consider the focusing cubic nonlinear Schrodinger equation in the exterior of 
a strictly convex obstacle C with Dirichlet boundary conditions 

(1.1) (NLS„) (“■ + f“" = 

= Uq{x). 

Here m : R x H C and — An denotes the Dirichlet Laplacian, which is a self-adjoint 
operator on L‘^{Vl) with form domain We take initial data mq € 

When posed on the whole Euclidean space R^, the problem is scale invariant. 
More precisely, the mapping 

(1.2) u{t,x) u^{t,x) := fj,x) with ^>0 

leaves the class of solutions to NLSrs invariant. This scaling also identifies the 
space Hx as the critical space. Since the presence of the obstacle does not change 
the intrinsic dimensionality of the problem, we may regard equation is being 
subcritical for data in iJQ(D). 

Throughout this paper we restrict ourselves to the following notion of solution: 


Definition 1.1 (Solution). Let / be a time interval containing the origin. A 
function u : / x D —>• C is called a (strong) solution to (11.11) if it lies in the class 
Ct(/', Rg (D)) n X D) for any compact interval I' C /, and it satisfies the 

Duhamel formula 


(1.3) 


u{t) = -I- i 


gi(t 


Jo 

for all t € I. The interval I is said to be maximal if the solution cannot be extended 
beyond I. We say u is a global solution if / = R. 


In this formulation, the Dirichlet boundary condition is enforced through the 
appearance of the linear propagator associated to the Dirichlet Laplacian. 
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Local well-posedness for the defocusing version of m was established in several 
works; see, for example, [n El Hill]. Standard arguments relying on the Strichartz 
estimates proved in |7] and the equivalence of Sobolev spaces proved in H (see 
Theorem 12.41) can be used to construct a local theory for (11.11) . 

Theorem 1.2 (Local well-posedness). Let uq G iLd(f^)- Then there exists a max¬ 
imal time interval I such that (HD admits a strong solution on I. The interval I 
and the solution u are uniquely determined by uq. Moreover, the following hold: 

• I is an open interval containing the origin. 

• (Conservation laws) Mass and energy are conserved by the flow: for any t G I, 

M{u{f)) := / \u{t,x)\^ dx = M{uq), 

Jn 

E{u{f)) := [ ^\yu{t,x)\'^ - \\u{t,x)f dx = E{uo). 

Jn 

• {Blowup) //sup/ < oo, then limsupt^g^pj ||w(t)||iji(n) = oo- 

• {Scattering) Suppose [0,oo) C I and ||u||i5 ([o,oo)xn) < oo. Then u scatters 
forward in time, that is, there exists u+ G //^(n) such that 

||w(t)-e*‘^“u+||ffi(n) ^0 as t ^ oo. 

• {Small data GWP) There exists rjo > 0 such that if llnollpfqn) ^ Vo, then the 
solution u to (HD is global and satisfies 

IkllLf,„(Rxn) ^ l|■wo||Hl(^)■ 

In particular, the solution scatters in both time directions. 

In this paper, we consider the global existence and scattering question for large 
initial data. To put the problem in context, let us first recall some earlier results for 
the equivalent problem posed in the whole Euclidean space K^. In H if is shown 
that the focusing cubic NLS on is globally well-posed and scatters whenever the 
initial data lies below the ground state threshold. To state this result explicitly, 
let Q denote the unique, positive, spherically-symmetric, decaying solution to the 
elliptic problem 

AQ — Q = 0. 

The main result in [5] states that whenever 

(1.4) E{uo)M{uo) <E{Q)M{Q) and HVnollLjllwolU^ < ||VQ|U 2 ||Q||i 2 , 

the solution to NLSrs is global and it satisfies global spacetime bounds. For 
spherically-symmetric initial data, this result was proved in the earlier work [^. 

Note that in the Euclidean case, the quantity E{u)M{u) is scale invariant and 
conserved in time. Throughout this paper, we will refer to this quantity as the 
Hx^'^-energy. Note that both of the assumptions on the initial data in (HD are 
scale invariant. 

By the variational characterization of Q, we know that the only functions / G 
//^(K^) that satisfy 

E{f)M{f) = E{Q)M{Q) and || V/|U2 (r3) ||/|U2(r 3) = ||VQ||i2(R3)||Q|U2(R3) 
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are of the form f{x) = pQ{p[x — xo]) where 9 G [0, 2tt), p G (0, oo), and xo G 
In the presence of an obstacle, there are no functions f G Hq{Q) such that 

E{f)M{f) = E{Q)M{Q) and \\V f\\L^^n)\\f\\L^m = I|VQ|U2(r 3) ||g|U2(R3). 

This can be seen easily by extending / to be identically equal to zero on the obstacle. 
The variational characterization of Q on then yields that / must be Q up to 
the symmetries of the equation; these functions, however, do not obey Dirichlet 
boundary conditions. 

We contend that even though uni) does not admit a direct analogue of the 
soliton Q, the threshold for global well-posedness and scattering is still the same 
as for the problem posed on R.^. The main result of this paper verifies the positive 
part of this claim: 

Theorem 1.3 (Global well-posedness and scattering). Let uq G Hq{LI) satisfy 
(1.5) Eiuo)M{uo) < E{Q)M{Q), 

(1-6) ||Vuo||L2(n)||Mo||L2(n) < IIVQ||l2(r 3)||(5||i2(R3). 

Then there exists a unique global solution u to dm and 

(1-7) ll^llif ,„(Rxn) < C(M{uo), E{uo)). 

In particular, u scatters in both time directions. 

Observe that our bound in uni depends jointly on the mass and energy of the 
initial data, not simply their product. A bound depending only on M{uo)E(uo) 
could be obtained (with significant additional complexity) by incorporating rescal¬ 
ing into our arguments in the style of |10j : however, we know of no application that 
benefits from this stronger assertion. 

Due to the convexity of the curve ME = E{Q)M{Q), we may exhaust the 
region of the mass/energy plane where (11.511 holds by sub-level sets of the following 
one-parameter family of free energies: for each 0 < A < oo, we define 

F^{uo) := E{uo) + XM{uo). 

To be precise, setting 

E,^ := 2y'XM{Q)EiQ) 

one easily sees that 

(1.8) {uo:Eiuo)M{uo)<EiQ)MiQ)}= (J {uq : 

0< A<oo 

Note that Ff' = where p = \JXM{Q)/E{Q) and is the rescaling of 

Q defined via m- Correspondingly, we note that Ff' is the free energy of a soliton 
solution to the cubic NLS in R^. 

In view of p.8ll . we see that Theorem 11.31 follows from the following result. 
Theorem 1.4. Let Uq G Hq{^) satisfy (11.611 . If 

F^iuo) = E{uo) + XM{uo) < F^ 

for some 0 < A < oo, then there exists a unique global solution u to HH) and 

Iklli® „(Rxn) < C{X, F^{uo)). 
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As alluded above, we believe that (IE3 and (HU represent the sharp threshold 
in our setting, just as they do for the problem posed in More precisely, in [6] 
it is shown that radial initial data uq G obeying (II.Sp and 

||VUo||l2(r3)||mo||l2(r3) > II V(5||l2(r3) ||(5||l2(R3) 

lead to solutions that blow up in finite time. This is proved via the usual concave 
virial argument, which does not adapt directly to our setting — the boundary term 
does not have a favorable sign. It is natural to imagine that it should be possible to 
embed Euclidean blowup solutions into the exterior domain case via perturbative 
arguments; however, our current understanding of the structure of this blowup is 
not quite sufficient to push this through. Nevertheless, we can show that our result 
is sharp in terms of uniform spacetime bounds: 

Proposition 1.5. Fix A G (0, oo). There exists a sequence of global solutions 
Un G Ctilo(]R X fl) that satisfy (11.61) and 

F^{un)/• and ||Mri||L5 ^ oo as n ^ oo. 

This is proved in Section 0 by choosing a sequence that closely models in 
shape, but is centered far from the obstacle. 

Acknowledgements. R. K. was supported by NSF grant DMS-1265868. M. V. 
was supported by the Sloan Foundation and NSF grants DMS-0901166 and DMS- 
1161396. X. Z. was supported by the Simons Foundation. 


2. Preliminaries 


2.1. Notation and useful lemmas. We write X <Y or F > A to indicate X < 
CY for some constant C > 0. We use the notation X ^ Y whenever X <Y < A. 

Throughout this paper, 12 denotes the exterior domain of a compact, smooth, 
strictly convex obstacle in Without loss of generality, we assume that 0 S 12° 
and 12° C 5(0,1). For any a; G R^ we use d{x) := dist(a:, 12°). 

With xq G R^, we use to denote the translation operator Txgf{x) := f{x—xo). 
Throughout this paper, y will denote a smooth cutoff in R^ satisfying 


( 2 . 1 ) 


X{x) 


1, if |a:| < 3 

0, if |a;| > i. 


We will use the following refined version of Fatou’s lemma due to Brezis and 
Lieb. 


Lemma 2.1 (Rehned Fatou, [3]). Let 0 < p < oo and assume that {/„} Q 
with limsup„_,,go ||/n||p < oo. If fn ^ f almost everywhere, then 


/ 


i/nr-i/n-/r-i/r 


dx —>■ 0 as n —>■ oo. 


In particular, ||/„||p - ||/„ - f\\P 

We will use the following heat kernel estimate due to Q. S. Zhang. 


11?- 


Lemma 2.2 (Heat kernel estimate, |12j'). Let 12 denote the exterior of a smooth, 
compact, convex obstacle in R'^ for d > 3. Then there exists c > 0 such that 


„tAfi 


ix,y)\ 


< 


/ d{x) 

\ piAdiam 


A 1 


)( 


d{v) 


piAdia 


Ale' 


clx-yp 


uniformly for x,y G LI. If either x ^ LI or y ^ LI, then {x, y) = 0. 
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There is a natural family of Sobolev spaces associated to powers of the Dirichlet 
Laplacian. Our notation for these is as follows: 

Definition 2.3. For s > 0 and 1 < p < oo, let and denote the 

completions of (O) under the norms 

ll/llif-(Q) := ll(-Aa)^/VllL. and ||/|b-(n) := ||(1 - 

When p = 2 we write and for Hyy{n) and respectively. 

When fl is replaced by these definitions lead to the classical and 

families of spaces. Note that the classical spaces are defined as 

subspaces of which are in turn defined as quotients of the spaces 

Thus the spaces have no direct connection to the functional calculus of the 

Dirichlet Laplacian. It is a well-known (but nontrivial) theorem that iLg’^(n) = 
for 0 < s < i and again for i < s < 1 -|- i. 

The inter-relation of homogeneous Sobolev spaces on non-compact manifolds 
throws up additional complications. The case s = 1 captures already the question 
of boundedness of Riesz transforms, which is a topic of on-going investigation. 
Motivated by applications to NLS, in [S] we investigated when the two notions of 
Sobolev spaces are equivalent in the case of exterior domains. The advantage of 
such an equivalence is two fold: Powers of the Dirichlet Laplacian commute with 
the linear evolution while fractional product and chain rules (needed for 

treating the nonlinearity) have already been proved for spaces defined via powers 
of the Euclidean Laplacian. Our findings in [9] are summarized in the following 
sharp result about the equivalence of Sobolev spaces. 

Theorem 2.4 (Equivalence of Sobolev spaces, i)- Let d > 3 and let Lt be the 
eomplement of a compact convex body C with smooth boundary. Let 1 < p < 
oo. If 0 < s < min{l + then 

||(-AR.)«/V|Lp-^d.P.s ||(-An)*/V|Lp /eC'“(L!). 

Theorem 12.41 allows us to transfer directly several key results from the Euclidean 
setting to exterior domains. One example is the L^’-Leibnitz (or product) rule for 
first derivatives: 

Corollary 2.5 (Fractional product rule). For all f,g G Cy’{Ll), we have 

||(-Ao) 2(/g)||j^p(f2) < ||(-An)2/||iPi(n)||g||LP2(n) + ||/||Lii(n)||(-An)2511^,2(0) 

with the exponents satisfying 1 < p,pi,q 2 < 00 , 1 < P 2 ,qi < 00 , and ^ ^ ^ = 

A + A. 

91 92 

The following simple lemma will be frequently used in this paper. 

Lemma 2.6. Let (j) G x (HU, and Rn -G 00 . Then 
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Proof. We only prove the second assertion. By Holder’s inequality, 

II ~ ‘^IIhi(b3) 

^ II '^IIl 2(R3) + II [l “ x('^)] V'/>||i2(R3) + Rfl ||'/^(^X)('r;;') ||2,2(R3) 

^ ll'/>llL2(|a;|>R„) + l|V(/)||i2(|2,|>^^) + ||Vx||i3(R3)||(;i||i6(|3,|.^fl;^). 

The claim now follows from the monotone convergence theorem. □ 


By exploiting the functional calculus for self-adjoint operators, one can define 
the Littlewood-Paley projections adapted to Aq. Just like their Euclidean coun¬ 
terparts, these operators obey Bernstein estimates. 


Lemma 2.7 (Bernstein estimates). Let 1 < p < q < oo and —oo<s<oo. Then 
for any f € Cf^{Ll), we have 

\\P<Nf\\LP{n) + ll-Pv/IUp(n) ^ ll/llLp(n)i 

l|i"|A/llL.(0) + WPNfhpm < 

N'^WP^fhpm - ||(-Aa)^P^/|U.(o). 

2.2. Strichartz estimates, local smoothing, and the virial identity. 

Strichartz estimates for domains exterior to a compact, smooth, strictly convex 
obstacle were proved by Ivanovici [7] ; see also [5] . Ivanovici obtained the full range 
of Strichartz estimates known in the Euclidean setting, with the exception of the 
endpoint L^L^. As we will only be using a finite collection of (non-endpoint) 
Strichartz norms in this paper, we can encapsulate everything into the following 
Strichartz spaces: For e > 0 sufficiently small we define 

6(2+e) 

S°{I) := Lf^Llil X H) n (I x Pi). 

Further, we define N^{I) as the corresponding dual Strichartz space and 

N\I) :={/: /,(-An)^/GiV°(/)}. 

Additionally, in our discussion of solutions in the whole Euclidean space, it will be 
convenient to use 

S^{I) := {u : / X ^ C : (1 - Ar3)5u G LfLl{I x p x R^)}. 

Note that we will only use the S^{I) notation in the context of solutions in the 
whole Euclidean space. 

With these notations, the Strichartz estimates read as follows: 


Theorem 2.8 (Strichartz estimates, [7]). Let I C M. be a time interval and let 
to G /. Then the solution u : L x PI ^ C to 


iut + Aqu = f 


satisfies 


In particular, 


||m||so( 7) < ||u(to)||L2(n) + ||/|Uo(7)- 


- ll“(^o)||77i(n) + ll/lki(7)- 


Using Theorems 12.81 and 12.41 and arguing in the usual manner (cf. 
obtains the following stability result for (HID. 


m), one 
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Lemma 2.9 (Stability). Let be the exterior of a compact, smooth, strictly convex 
obstacle in Let / C K &e a time interval and let u be an approximate solution 
to (11.11) on L X n in the sense that 

idtu + Aqu = —\u\'^u + e 

for some function e. Assume that 

l|w||L”7/i(/xn) < ^ and ||w||L5^(ixn) < L 

for some positive constants £ and L. Let to G I and uq G £[^{£1), and assume the 
smallness conditions 


||m(^o) - uollffi(n) < e and ||e||7vi(7) < c 

for some 0 < e < £i = ei{£, L). Then there exists a unique strong solution u 
/ X n —^ C to (HH) with initial data uq at time t = to satisfying 


LIH„ 


- (7x0) 


< C{£,L)£. 


We will also use the local smoothing estimate. The particular version we need 
is [ini Lemma 2.13]: 

Lemma 2.10 (Local smoothing). Let u = Then 

f f \yu{t,x)\'^{R~^{x - z)f dxdt < i?||uo||L2(n)||VMo||L2(n) 

J v/rxO 

uniformly for z G and R > 0. 

A direct consequence of the local smoothing estimate is the following result, 
which will be used in the proof of the Palais-Smale condition. For a similar state¬ 
ment adapted to the energy-critical problem in Euclidean space, see [H Lemma 2.5]. 

Corollary 2.11. Given uq G iLg(f 2 ), we have 


iVe' 


itAc 


r|<T|a:-2|<7i) ”^0 || ^5^ n) 11'“° H 771(0)' 


Proof. We split the left-hand side according to low and high frequencies. To esti¬ 
mate the low frequencies, we use Holder and Bernstein: 

l|Ve**^‘^-P<Ar^o||72^(|t-T|<T.|x-z|<77) ^ T’ lo i? w ]] || ^(RxO) • 

To estimate the high frequencies, we use the local smoothing estimate Lemma [2. 101 

ll^e**^“P>^Uo||i;,2^(|t_.r|<T,|a;-z|<77) ^ N = llwoll//i(n). 

The claim follows by summing these two estimates and optimizing N. □ 


The last result in this subsection is a truncated virial inequality. Let </> be a 
smooth radial cutoff function such that 


(fix) := 



if |a^| < 1 

if |a;| > 2. 


For i? > 1, let (fnix) := R^(j)[^). 
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Lemma 2.12 (Truncated Virial). Suppose 0 G 11° and R > 100 diam(n°). Then 

dtlm u{t,x)dku{t,x)dk4‘R{x) dx > / 4:\Vu{t,x)f — 3\u{t,x)\‘^ dx 

Jn Jn 


( 2 . 2 ) 


o(r ^ + / \u{t,x)\'^ + \Vu{t,x)f dx\ . 

^ J\x\>R ' 


Proof. We will exploit the local momentum conservation identity 
(2.3) dtlm{dkuu) = -2djRe{dkudju) + ii9feA(|u|^) + \dk{\u\^). 
Integrating this against dkipR, we obtain 

Im / udkudkfiR dx = —2Ke / dj{dkudju)dk4iRdx 

J Q J Vl 


+ 


dkl^{\u\^)dk(t)Rdx 


dk{\u\^)dk(l)R dx. 


We first seek lower bounds on each of the terms appearing on the right-hand side 
of the equality above. From the divergence theorem and the fact that djk4>R{x) = 
26jk for \x\ < R, we obtain 

— 2 Re / dj {dku dju) dk4>R dx 
Jn 

= —2 Re / dj{dkudjudkfiR) dx + 2Re / dkUdjUdjkfiR dx 
Jn Jn 

Vu ■ VJirVu ■ nda{x) + 2Re / dkudjudjk4>Rdx 

Jn 

[ \un\'^{(l)R)nda{x) + 4 [ dx - o( [ iVupdxV 
Jon Jn ^J\x\>R J 


= 2Re 


> 2 


Here n denotes the outer normal to dPl (i.e., n points into H), Un := Vu • n, and 
i4>R)n ■= '^4 >r ■ n- We have also used the fact that Vu = Un ft, which follows from 
the Dirichlet boundary conditions. 

Arguing similarly for the second term, we obtain 

i f dkJ^{\u\'^)dk(l)Rdx =-^ f A{\u\'^){cj)R)nda{x) - I f A{\u\'^)A(l)Rdx 
J Q J Of2 J Q 

= - [ |VMp((()fi)„dcr(a;) - ^ [ \u\‘^AA(j)Rdx 

J do. J n 

f \Vuf{ct>R)nda{x)-0{R-^). 

Jan 


> - 


The third term can be estimated as follows: 


i [ dki\u\'^)dk'pRdx =-^ [ \u\^Alfa dx >-3 [ \uf dx - o( [ \ufdx'). 
Jn Jn Jn ^J\x\>r J 

Putting all the pieces together and noting that \7(j)R{x) = 2x on 9H, we deduce 
Im / udkudk4>Rdx> / 4|Vm|^ — 3|u|^da:-I-2 / \\/u\^x-ndx 

J Q J n J dCl 


-o 


(r-‘^+ [ 

^ J\x\>R J 


Finally, as is convex we have that x-n > 0, which immediately leads to (12.21) . □ 
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2.3. Convergence results. The defects of compactness in the Strichartz inequal¬ 
ity 

l|e ^(Rxn) ^ ll/llffi(n) 

are the same as in the Euclidean case, namely, spacetime translations. (Scaling is 
not an issue because ^ has dimensionality strictly between that of and H]..) In 
the Euclidean case, these defects of compactness are associated to exact symmetries 
of the equation. In our case, however, the obstacle breaks the space translation 
symmetry. Correspondingly, our linear profile decomposition must handle possible 
changes in geometry. This issue was systematically studied in [10] (where a scaling 
symmetry was also present). In this paper, we record only the relevant convergence 
results from | 10 ] . namely, when the obstacle is marching away to infinity relative 
to the initial data. This scenario gives rise to the whole Euclidean space as the 
limiting geometry. 

Proposition 2.13 (Convergence of domains, [iQ]). Suppose {x„} C 11 are such 
that \xn\ —S' cx) and write 12— {xn}- For h G (^“(R^) and 0 e C'“(0,oo) we 

have 

lim ||[0(-An„) - 0 (-Ar3)](5(?/)||^_i(jj3) = 0, 

lim ||(-An„)H - (-AR 3 )H||i 2 (R 3 ) = 0 , 

n^oo 

lim /ill 30 = 0 . 

n-ioo ^(RxR3)nLfLi3 (RxR3) 

The second limit above is uniform in y on compact subsets in M^. 

Proof. The first two assertions follow from Proposition 3.6 in [10], which asserts 
convergence in This implies weak convergence in Hf which we can then 

upgrade to strong convergence since 

l|6**^“^^lliIi(R3) = ll^lliji(R3) = I|e**^'^”^llii-1(R3) 

by energy conservation for the free propagator. 

The third relation is Lemma 3.7 from m- The last equation follows directly 
from Theorem 4.1 of m, for exponent pair (5, jy); from interpolation between 
it and Corollary 4.2 of that paper, for exponent pair (5, 5). □ 

Proposition 12.141 below is needed to prove asymptotic decoupling of parameters 
in the linear profile decomposition. The two statements made by this proposition 
are essentially Lemmas 5.4 and 5.5 in [TO] . 

Proposition 2.14 (Weak Convergence, [TO])- Assume f 2 „ = 12 or Tin = Vi — {Vn} 
with \yn\ —>■ 00 . Then the following two statements hold: 

1. Let {tn,Xn) G R X satisfy |/„| -I- \xn \ —?• 00 as n ^ 00 . Then for f G Cf°{Tl) 
if Tin = Tl, or for f G (R^) if Tin = Tl - {Vn}, 

f 0 weakly in i7^(R^). 

2. Let fn G HQ{Tln) be such that fn ^ 0 weakly in Let tn ^ t^o G R. 

Then 

glt„ ^ Q 
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The next lemma, the last for this subsection, will be used to prove decoupling 
of the L'^-norms in Proposition 13.II 

Lemma 2.15 (Weak dispersive estimate). Let (j) € o.nd ^|J € Let 

:= n — {un} with \yn\ —oo. Then for any sequence tn —>■ oo, 

lim ||e*‘"^^((>||L4 =0 and lim = 0. 

n—¥oo ^ n—¥oo ^ 

Proof. To prove that the first limit is zero, we consider the function 

F{t) := [ dx. 

Jq 

From the Strichartz inequality, we know that F{t) G L^(IR.); indeed. 

On the other hand, as 

\im\ < j ||An^|U2||e*‘^"<(.|lie < ||-^|ll,g(o), 

we see that F is uniformly continuous. That the first limit is zero follows easily 
from these two facts. 

For a Lipschitz function / : R —)■ [0, oo) we have f{t)^ < f{s) ds. Combining 
this with the argument above and the fourth part of Proposition 12.131 we derive 

lim sup [ — e^*‘^^’^]tp{x)\^ dx = 0. 

n-i-oc I 

Combining this with the L^^ —>■ dispersive estimate for the Euclidean propa¬ 

gator, we deduce that 

f ^ 0 aS U ^ OO. 

Jn 

The claim now follows from the conservation of mass and Holder’s inequality. □ 

2.4. Coercivity of the energy. The coercivity property, which is part of the 
variational characterization of the ground state, plays an important role throughout 
the proof. The version we use in this paper is a minor adaptation of the one in [6] 
and is informed by our needs when proving Theorem 11.41 

Proposition 2.16. Fix A > 0 and let uq G Ho(H) satisfy 

F^{uo) < F^ and ||Vmo||l 2 (q)||uo||l 2 (q) < ||VQ||i2(R3)||Q||i2(j{3). 

Then the corresponding solution u to (HI) is global. Moreover, for all t G R we 
have 

II Vu(t)||2,2(Q) |lu(t)||i2(Q) < II VQ||i2(R3) ||Q||i2(J{3) 

and 

i||Vu(f)||i3(n)<i^(u)<i||Vu(t)||i2(f,). 

In particular, 

F\n)^\\u{f)rHl- 

Furthermore, with S > 0 sueh that 

F\uo) < il-S)F,\ 
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there exists cs > 0 such that for all t € K, 

||Vu(t)||L2(n)||M(<)||L2(Q) < (1 - C5)||V(5||L2(R3)||(3||i2(R3), 

4|| Vu(i)||^2(f;) — 3||u(t)||^4(f2) > C5||Vu(i)||^2(f;). 


3. Linear profile decomposition 

A guiding heuristic of this paper is that parts of a solution living near the obstacle 
should be controlled by the virial identity localized to this region, while parts of 
the solution living far from the obstacle ought to be understood in terms of the 
problem with no obstacle (solved in [5]). The purpose of this section is to develop a 
linear profile decomposition, which ultimately, will allow us to partition a solution 
into such parts. Indeed, the two cases appearing in the next result reflect precisely 
this dichotomy. 

Proposition 3.1 (Inverse Strichartz inequality). Assume {fn} C satisfies 

lim ||/n||wi(n) = A < oo and lim ||e"*‘^''/„||r5 (r^o) = e > 0. 

Then there exist a subsequence in n, {fin} C {t„} C M, and {Xn} C fl 

conforming to one of the two cases below, such that either tn ±C )0 ortn=0 and 

(3.1) lim inf 11 (/)„ 11^1(0) > 

(3.2) Iiniinf{||/„|12^.(^^ - ||/„ - finWl^^^^ - } =0 for s = 0, 1, 

(3.3) lnninf{||/„|li4(o) - ||/„ - finWU^n) “ UnWU^Q)} = 0. 

The two cases are as follows: 

Case 1: Along the subsequence, Xn —>■ Xao G there is a fi € so that 

^ ^ {Tt), and fin := e^*"^^fi. 

Case 2: Along the subsequence, d{xn) —>■ oo, there is a fi G so that 

[e“**""^^/„](a; + a;„) ^ fi{x) weakly in 


and 


finix) := e'-*’'^^[{xnfi)ix - Xn)] with Xn{x) := xid^)- 

Proof. Let d > 0 be a small number to be chosen later. Using the Bernstein and 
Strichartz inequalities, we get 

^ — itAci pQ 


\—itAnpfl 






“P“;;.2/n||L5^(Rxn) 

Taking S small enough so that d 5 ^ <C 1, we deduce that 

||g ^*^^P^gj_fn\\Ll^{Rxn) ^ §> 

where := Pil 2 <..<(, 5 g 2 )-i • Using this. Holder, and Strichartz, we obtain 


i < l|e- 






Therefore, there exist (<„,x„) G R x U such that 




PmedfnW L° 
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Next we prove that 

(3.5) inf d(a;„) >£,a 1. 

n 

Indeed, using Lemma [221 we see that 

(3.6) / |e^“(a;„, 2 /)p dy < / |d(a:„)[d(a;„) + |x„ - Y 

Jfl JQ 

< d{Xnf[d{Xn) + if. 

On the other hand, writing 



and using (13.41) . (13.61) . Cauchy-Schwarz, and the Mikhlin multiplier theorem, we 
get 

d{Xn)[d{Xn) + l]||e ^e,A d{Xn)[d{Xn) + 1]. 

This leads directly to (j3.5L 

Passing to a subsequence, we may assume that Xn converges to a point in fl or 
marches off to infinity. (Note that Xn cannot converge to a point in dH by virtue 
of (I3.5l) .l We use this criterion to distinguish the two cases: 

Case 1: d{xn) ^ 1 and Xn -A Xao G 
Case 2: d(x„) ^ oo. 

In both cases we define 

gn(x) := [e“*‘"^“/„](ai + a;„). 

Obviously, is supported on := O - {xn} and ||5n||Hi(n„) = ||/n||Hi(n) < 
Passing to a further subsequence if necessary, we can choose (p G so that 

(3.7) 9n ^ 4’ weakly in 

In Case I, using that Xn —>■ Xoo and (1X71) . we obtain 

g-ztnAn ^ weakly in idg (O). 

That (j) belongs to i7o(0) follows from the fact that i7o(0) is weakly closed in 
i7i(R3). 

Next we observe that by passing to a further subsequence if necessary, we may 
assume that tn —> to S [— 00 , 00 ]. The possibilities to = ioo are permitted in the 
statement of the proposition; however, when tg G K we need to show that judicious 
changes allow us to take t„ = 0. In Case I, we may take t„ = 0 by replacing cp by 
gStoAri^ and invoking the strong convergence of the linear propagator. In Case 2, 
replacing p by we may also take t„ = 0; indeed, the claim boils down to 

the assertion 

(3.8) lim \\e"*^^^Ta;„[xn(p] - , = 0. 

n—>-oo" 

By a density argument, it suffices to prove (13.8p with p replaced hy p G (^[[“(M^). 
Note that for n sufficiently large we have XnP = P- Using this and a change of 
variables, we reduce (13.8p to 

(3.9) lim . =0. 

n—>-00" 
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We prove (I3.9|l by breaking it into three pieces. First, by taking the time derivative, 
we have 

||g*t„An„^ _ ^ ^ Q n ^ OO. 

Secondly, by the first part of Proposition 12.131 

g*toA(j „.0 strongly in as n ^ oo. 

Thirdly, Lemma [2.61 yields 

||(1 - ^ 0 as n-)-oo, 

which completes the proof of (ESI). 

It remains to prove (EU through (j3.3l) . Wg discuss the two Cclsgs scps-rcttcly. 
Case 1: To prove EU in this case amounts to showing that (j) is nontrivial. Let 
^ ■= First we note that 

(3.10) l|/i||L=(a) < and 

To continue, we write 

= lim 

n—>-oo 

(3.11) = lim lim P^grf[(5(T„) - (5(xoo)]). 

n—^oo n—^oo 

The second limit vanishes. Indeed, basic elliptic theory shows that 

IVl'IU^dxl^R) ^ R ^lkllL“(|x|<2R) + 1 ?II^'*^IIl”(|x|<2R). 

We will apply this to v{x) := + ^") R := jd{xn)- Note 

that with this choice, 

lkllL“(|x|<2fi) < {Se'^y^A and ||Av||Loo(|,j|<2fl) < (fc^)" 5 A. 

We thus obtain 

P^^JnKx + < (fe2)"5A. 

Using this and the fundamental theorem of calculus, for n large we get 
|{e”*‘"A^/„,P^grf[(5(a;„) - (5(a:oo)])| 

< \Xn - a;oo|||Ve-**’*^^P^grf/„(x + 

< \Xn - X^\{5£^)~^ A, 

which converges to zero as n ^ oo. Thus, by p.4l) . (I3.10L and (13.111) . 

^ ^ ^ \\h\\L^in)\\4'\\L^(n) ^ (<5£^)~^ll<?^’l|L2(n), 

which completes the proof of EH). 

The decoupling in Llo(ll) 1°^ s = 0,1 follows easily from the fact that these are 
Hilbert spaces. 

It remains to prove (13.31) . First we discuss the case when ^ ±oo. By the 
triangle inequality and Lemma 12.151 in this case we have 

Ill/nlU^ - ll/n - 0 aS rH- OO, 

which leads immediately to (13.31) . 

We now turn to the case when = 0. By the construction of the linear profiles, 
we have that fn ^ 4> weakly in iJ^(R^). Thus, using Rellich-Kondrashov and 












14 


R. KILLIP, M. VISAN, AND X. ZHANG 


passing to a subsequence, we obtain that fn ^ (j) almost everywhere on The 
claim now follows from Lemma l2.II 

Case 2: d{xn) oo as n ^ oo. Recall that in this case, 

4>n{x) = - Xn)] with Xn{x)=x{-3:^)- 

We hrst prove the lower bound (jS.lll . By Lemma [2.61 

ll</'n||Hi(n) = \\Xn^\\H^(Q„) || <^11 (R3) • 

Thus, (13. ip will follow from the following expression of the non-triviality of (j): 

(3-12) ||0||hi(r3) ^ 

To show (I3.12p . we first note that h := satisfies the estimates in (13.101) . 

Next, we write 

h) = lim {gn, h) = lim (g„, + 1™ (i'n, (-P“L “ -Pmed)^(O))- 

n—^oo n—>-oo n—^oo 

The last limit vanishes by Proposition 12.131 and the uniform boundedness of g„. 
Therefore, by (13.411 . 

(3.13) \{^,h)\>^, 

from which (|3.12l) follows immediately by Cauchy-Schwarz. 

To prove decoupling in Hq(D,) we write 

“ 11.^" ~ 

= 2 Re(/ra — Ipm 4’n) 

= 2 Re(5r!, ~ Xn^^ 

= 2 Re( 5 „ — (f>, + 2 Re{(l — Xn)<^, Xn^)~ 2 Re{g„ — c^, (1 — Xra)^)fr«(R3) ■ 

Claim (13.21) follows from this by using (EZD, the uniform boundedness of gn in 
H^irtn), and Lemma [2.61 

We now turn to (|3.3p . If tn —>■ ±oo, by the triangle inequality, Gagliardo- 
Nirenberg, and Lemmas 12.61 and 12.151 we have 

|ll/n||L4-||/„-(;!)„||i4| < \\(j)n\\L* < || (^|| L4-^ || (1-Xn)<^|| 0 aS 71 OO, 

which leads immediately to (13.31) . 

Next we consider the case when <„ = 0. From the construction of the linear 
profiles, we have fn{x + x„) ^ ^(x) weakly in iL^(R^). Thus, using Rellich- 
Kondrashov and passing to a subsequence we deduce that /n(x -|- x„) ^(x) 

almost everywhere on R.^. Lemma 12.11 then gives 

ll/n|lL4 - ||/„ -Ta,„(^||i4 - 11^11^4 -)> 0 as 71-5.00. 

Combining this with Lemma 12.61 and Gagliardo-Nirenberg yields (13.31) in this case. 
This completes the proof of Proposition 13.11 □ 

We are now ready to state the linear profile decomposition for bounded sequences 
in HqIXI). 
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Theorem 3.2 (A linear profile decomposition in HQ{n)). Let {fn} be a bounded 
sequence in After passing to a subsequence, there exist J* € {0,1,2,..., cxd}, 

^ {^n}j=i C R such that for each j either = 0 or ^ ±oo, 

and C LI conforming to one of the following two cases for each j: 

Case 1: —>■ £ fl and there exists (j)^ £ Hq(LI) so that (j>f := . 

Case 2: d{xif) oo and there exists (j)^ £ so that 


(fi := e 


An 


[(.Xi(l>^){x - xi)] = 


iti, 


''{xi(t>^)\ with xi{x) 



Moreover, for any finite 0 < J < J* we have the decomposition 

J 




with £ Hq{LI) satisfying 


lim lim sup 11 11 

J—^J* r?,_voo 


IxQ) 


= 0 , 


lim {M(/„) - ^ Mm - M{wi)} = 0, 

n—>-oo ^ 

J 

lim {£;(/„) - ^ Em - Eiwi)} = 0, 

n^oo ^ ■* 

J-1 

+ x'^) 0 weakly in E[^(R^), 

(3.14) lim |ai^ - x^\ + = oo for each j ^ k. 

n—^oo 

Proof. Proposition 13.11 provides all the key estimates. With this in place, one may 
just repeat the well-known argument from the Euclidean setting. Specifically, one 
argues inductively, using Proposition 13 .1 1 to remove one bubble of concentration at 
a time. Proposition 12.141 is needed to prove the asymptotic decoupling statement 
(13.141) . For the proof of a linear profile decomposition for bounded sequences in 
E{q(L1), where LI is the complement of a compact, smooth, strictly convex obstacle, 
see [T^. □ 


4. Embedding of nonlinear profiles 

The next major milestone in the proof of Theorem II.31 is to use the linear profile 
decomposition obtained in the previous section to derive a Palais-Smale condition 
for minimizing sequences of blowup solutions to (HH). This amounts to prov¬ 
ing a nonlinear profile decomposition for solutions to dm, which combined with 
Lemma 12.91 yields the desired compactness for minimizing sequences of solutions. 
In order to prove a nonlinear profile decomposition for solutions to dm, we have to 
address the possibility that the nonlinear profiles we will extract are solutions to the 
focusing cubic NLS in a different limiting geometry, namely, the Euclidean space 
R^. In this section, we will see how to embed the nonlinear profiles which solve 
NLSr 3 back inside fl. Specifically, we need to approximate these profiles globally 
in time by solutions to dm that satisfy uniform spacetime bounds. 

Throughout this section we use the notation 

X\I) := X R3), 
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where I C R is an arbitrary time interval. By Sobolev embedding, this norm 
controls Note also that this is a space to which Theorem 12.41 applies. 

Theorem 4.1. Let {tn} C K 6e such that tn = 0 or tn ^ ±oo. Let {xn} C be 
such that d{xn) oo. Assume 4> S satisfies 

(4.1) ||V())||z,2(r3)||())||l2(r3) < ||VQ||L2(R3)||(5||i2(R3) aud F^{(j))<F^, 
for some 0 < A < oo. Define 

fin ■= e’-*"^^[Tx^{Xnfi)]- 

Then for n sufficiently large, there exists a global solution Vn to (ED with initial 
data Vn(0) = fin which satisfies 

lknllL^^,,(Rxn) ~ 

with the implicit constant depending only on ||(/)||//i(r3) . Furthermore, for any e > 0 
there exists N^- G N and ifig S C“(R. x R^) such that for all n > N^, 

(4.2) ||i;„(< - tn,X + Xn) - '0e(t,x)||xi(R) < £• 

Proof. We prove this theorem in five steps. 

Step 1: Constructing global solutions to NLSrs. 

Let 0 = 1/100. If tn = 0, we let and Woo be solutions to NLSr 3 with initial 
data Wn(0) = fi<d(x„)o and ?i'oo(0) = fi, respectively. If ^ ±oo, we let and 
Woo be solutions to NLSr 3 satisfying 

lim ||u>„(t) - = 0 and lim \\woo{t) - = 0. 

By 6ID and the global theory for NLSh 3 developed in [6] , we see that Woo and Wn 
for n sufhciently large are global solutions. Moreover, using also the results from 
[3, we have 

{ ll^«n||si(RxR3) + 11^00 ||si(RxR3) < 1, 

ll|V|^7/;n||5HMxM3) < d{xnY^ for s > 0, 

lirn. 7^^00 II 5^ (MxE3) — 0; 

where the first two estimates are uniform in n, for n sufficiently large. 

Step 2: Constructing the approximate solution to (ED- 
Fix T > 0 to be chosen later and define 

{ [XnWn]{t,X - Xn), \A < T, 

e'(‘-^)^^n„(T,a;), t>T, 
e*(*+'^)A^2f}„(-T,a;), t<-T. 

From the Strichartz inequality and (14.31) . 

(4.5) l|l^n||L/„,(Rxn) ^ llAn^n||L/„,(Rxn„) + II (=*=(!") II (a„) ^ 1- 

Step 3: Asymptotic agreement of the initial data: 

(4.6) lim limsup ||hri(t„) - fin\\m(n) = 0- 

T-s-oo n^oo ° 

We first consider the case when tn = 0. Using a change of variables and 
Lemma 12.61 we have 

\\^n{0) — fin\\H^(Q) = \\Xnfi>d{xr,p\\H^{Q„) ^ ^ aS 71 —>■ OO. 
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Next we consider the case when —>■ oo; the case —>■ — oo can be treated 

similarly. In this case, we have > T for sufficiently large n. Thus, 


\\Vn{tn) ?^n||Eri(n) 

< IIXnK(T) -iCoo(r)]||^i(o„) + ||(e-*^^—e-^^^«=)[XnlCoo(T)]|Ul(R3) 

+ l|e“*'^'^®^lCoo(T') — (/^IIh-XKS) + 11(1 — Xn)'U'oo(T)||/i-l(R3) + 11(1 — Xn)</>I|7/1(R^)’ 

which converges to zero by first taking n —^ c» and then T ^ oo. To see this, we 
employ (14.31) . Proposition 12.131 (after first approximating Wac,{T) by h £ (7“(]R^) 
and noting that Xnh = h for n sufficiently large), and Lemma 12.61 

Step 4: Proving Vn is an approximate solution to dm in the sense that 

(4.7) lim limsup ||[(7at + An)iin + |h„|^i)„||Ari(R) = 0. 

T—>oo n—)-oo 


Let e := {idt + AQ)i;„ + \vn\'^v„. We first consider the contribution of {t > T} 
to LHS (j4.7[) : the contribution of {t < —T} can be treated similarly. In this case, 
we have e = \vn\'^Vn- Thus, using Strichartz, Lemmaand (14.3L we estimate 


l|e||iVi((T,oo)) 


= lll^'nl 
^ ll^'nll 
^ llwll 
< ll^nll 


Vr, 


5 1 


Ll^{{T,oo)xn) 

2 


LlJ{T,oo)xn) 

2 

LlJ{T,oo)xn) 


((T,oo) X n) 
ll'^nll 1 30 

||XnW„(r)||^l(n^) 


To continue, let w+ denote the asymptotic state of w^o, that is, 

(4.8) ||■u;oo(^) - e**^'u;+||si([r_oo)xR3) ^ 0 as T ^ oo. 

That such a exists follows from the main theorem in [^. By the triangle 
inequality and Strichartz, 

ll^n||L5„,((T.oo)xn) = [XnW„(T)]||j;,5^((y_gc)xn„) 

_l_ ||e®*^*^u;+||i5+ ||e *^^*^Woo(T) — 'u;+||/i-i(R3) 

+ 11(1 - Xn)w^oo(T)||ffl(R3) + \\Xn[Wn{T) - Woo (T)] || , 

which converges to zero by first taking n ^ oo then T —>■ oo, in view of Propo¬ 
sition 12.131 the monotone convergence theorem, Lemma 12.61 and (14.31) . Thus the 
contribution of {t > T} to LHS (I4.7|) is acceptable. 

We are left to estimate the contribution of {|t| < T} to LHS (l4.7p . In this case, 
we compute 


e = Ta 


[ixl - Xn)\Wn\‘^Wn + 2V Xn ' VlCn -k (Ax„)w„] . 
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Using a change of variables, we estimate the contribution of these terms as follows: 
IKX^ - Xn)knPwn|Ui([-T,T]) 

^ Wixl- Xn)\Wn\'^Wn\\ 10 

+ ll(X« - 

< WWnWh 


ll(3x^-l)Vx„|u'„pw„|| 


Lt'3^(Rxn„) 


{xR3) 


|Wri-Woo|| 10 


Wo 


+ \\'^Xn\\Ll\\Wn\\liLl2( 


Wr, 


10 ^ 10 


“ ^™llL3^(Rxi 

|lCoo||L5^(Rx{|a;|~(i(a:„)}) + ll^oo — || L® ^ (RxR3) ] j 


(Hxn„) ‘ 

which converges to zero as n —>■ oo by (14.31) and the monotone convergence theorem. 
Lastly, 


||2Vx„ • Vu;„ + AXnWn\\Nii[-T,T]) 

^ W^Xn ■ Vu'„||Lj_Hi(Rxn„) + II^Xn^i'n||LjiHi(Rxn„) 


< T 


W'^Xnh^WVWnh'l-Ll + ||VXn||L~||Aw„||i~L2 + || Ax„ || L~ || ViCn || 
+ l|AXn||L“lk„||L~L2 + ||VAx„|U~||w„||l~l2 


< TdiXnY 


0 as n —>■ oo. 


Thus the contribution of {|f| <T} to LHS (I4.7I) is also acceptable. 

Step 5: Constructing and approximating by (7“ functions. 

Using (1431) . (Irel) . (l4Jl) and Lemma for n sufficiently large we obtain a global 
solution Vn to dm with initial data u„(0) = which satisfies 

(4-9) IknlUf jRxn) ^ 1 and lim limsup ||z;n(t - f„) - Un(t)|Ui(R) = 0. 

* J . ^OO nrt _ 


It remains to prove (14.211 . From the density of (^“(K. x R^) functions in X^(]R), 
for any e > 0 we can find ipe G (^^(R x R^) such that 

ll'R'oo '*Ae||xi(R) ^ 3 ' 

Using also (I4.9I) . we see that to prove (I4.2I) it suffices to show 
(4.10) \\Vnit,x) - Wooit,X- a:„)||jfl(R) < I 

for n, T sufficiently large. By (14.41) and the triangle inequality, 

LHS(|4.10P < WXnWn - Woc,\\xi{[-T,T]) + [XnWn{T)] - Woo |Ui((r.oo)) 

+ - «^oo||a1((-oo,-T)). 

Arguing as in Lemma 12.61 and using (14.3p , we have 

WXnWn - Woo||xi([-T.T]) < WXniWn - Woo)||xi(R) + 11(1 “ Xn)W'oo IU1 (R) ^ 0 

as n —>■ oo. Next, we estimate the contribution of {t > T}; the contribution of 
{t < —T} can be handled similarly. To this end, we observe that 

||gZ(t-T)An„ [x„WniT)] - Woo ||xi((T,oo)) 

< ||w„ — Woo||l~H 1 + ||e*^‘ '^^'^^"Xn'a^oo('T)||xi((T,oo)) + ||Woo(0llxi((T.oo))- 
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The first term converges to zero as n ^ cx) by virtue of (|4.3I1 . while the last term 
converges to zero as T —>■ c» by the dominated convergence theorem. This leaves 
us to estimate the middle term, which is bounded by 




XnWc 


>(r)|| 


L=L4i((T,oo)) 




((T.oo)) 


Using Proposition 12.131 and (14.81) . the first of these two summands is easily seen to 
converge to zero when first taking n ^ oo and then T —>■ oo. Let us focus instead 
on the treatment of the second summand, which requires an additional idea: 


^ ll(-^n„)^[x«Woo(T)] - x„(-AR3)5ii;oo(T)||L2 

((T.oo)) 


L=lF((T.oo)) 


Now observe that the first term converges to zero as n —> c» by virtue of part three 
of Proposition 12.131 and Lemma 12.61 the second term converges to zero as n —>■ oo 
by virtue of part four of Proposition l2.13l the last term converges to zero as n —oo 
and then T —> oo by virtue of (14.81) and the dominated convergence theorem. This 
completes the proof of Theorem 14.11 □ 


5. A Palais-Smale condition 

The goal of this section is to prove a Palais-Smale condition for minimizing 
sequences of blowup solutions to (HH). 

Throughout this section, we use the notation 

Si{u) := / / \u{t,x)f dxdt, 

JI Jo. 

where / C K denotes a time interval. For A S (0, oo), we define 

L(F^) := sup{S'/(u)}, 

where the supremum is taken over all solutions rt : / x —>■ C to (ini) such that 

F^{u)<F^ and ||Vu(t)||L 2 (n)||u(t)||L 2 (n) < ||V(5 ||l2(r3)||Q||l2(r3) 

for some t G L By Theorem 11.21 and Proposition 12.161 we have L{F^) < oo, 
provided F^ is sufficiently small. Indeed, 

(5.1) ||m|Ui(r) <a F^{uq)^ whenever F^{uq) <\ r]o, 

where rjo is the small data threshold given by Theorem 11.21 

Therefore, if Theorem ll.4l fails to be true, then there exist a Aq S (0, oo) and a 
critical value 0 < F^° < F^° such that 

(5.2) L{F^°) < oo for F^° < F^° and ^(F^o) = oo for 

Proposition 5.1 (Palais-Smale condition). Let Un ■ In x ^ ^ C be a sequence of 
solutions to ini) and let G /„ satisfy 

(5-3) II Vu„(t„)||i2(Q) ||u„(t„)||2,2(Q) < ||V(5||i2(R3) ||(5 ||l2(R3) 
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and 

lim F^°(un) = F^° < F^° and lim S>tn(,Un) = 1 ™ S<:t^{un) = oo. 

n—¥oo n—¥oo ~ n—¥oo ~ 

Then {un{tn)} is precompact in F[Q{n). 

Proof. Using the time-translation symmetry of dm, we may take = 0 and so 

(5.4) lim S>oiun) = lim S<o{un) = oo. 

n— >-oo n—^oo 

Applying Theorem 13.21 to the sequence m„( 0) (which is bounded in Hq{TI) by 
hypothesis) and passing to a subsequence if necessary, we obtain the linear profile 
decomposition 

J 

(5.5) u„(0) = -f w;(. 

i=i 

In particular, from energy and mass decoupling, for any given J we have 

j 

(5.6) F^°{un)='^F^°{(j)i;) + F^°{wi) + o{l) as n ^ oo. 

i=i 

To prove the proposition we need to show that J* = 1, ^ 0 in Hq{TI), 

= 0, and that the only profile (/>)j conforms to Case 1. All other possibilities will 
be shown to contradict (15.41) . We distinguish two scenarios. 

Scenario I: sup^ limsup„_,, 3 c F'^°(^) = F^°. 

From the non-triviality of the profiles, we have liminf„_>oo Fc°{44i) > 0 ^r every 
1 < j < J* indeed, ||^(^^||hq( 0 ) —^ 11^Thus, (15.61) implies that there is a 
single profile in the decomposition (15.51) . that is J* = 1, and we can write 

(5.7) U„(0) =(j).^+Wn with ||Wn||jjl(Q) -)> 0. 

If 4>n conforms to Case 2, then by Theorem 14.11 there exists a global solution 
Vn to dUD with initial data u„( 0 ) = (/)„, which satisfies hnite spacetime bounds, 
uniform for n large. By Lemma 12.91 these spacetime bounds extend to for n 
sufficiently large, which contradicts (EH)- Therefore (f>n must conform to Case 1 
and we have the decomposition 

UniO) = + with ||Wn||Hi(n) 0, 

and tji = 0 or —>■ ±oo. If = 0 we obtain the desired compactness. Thus, we 

only need to preclude the case —>■ ±oo. 

Let us suppose tn oo; the case —)■ —oo can be treated symmetrically. In 

this case, using Strichartz and the monotone convergence theorem we get 

S>o{e''*^^u„{0)) < + S>o{e''^^^Wn) 0 as n ^ oo. 

By Lemma [2^ this implies that S'>o(Mn) ^ 0, which again contradicts (|5.4I) . 
Scenario II: sup^- limsup„_,,oo F^°{(j4i) < F^° — 26 for some d > 0. 

We first observe that for each finite J < J* we have F{4P^) < F^° — 6 for 
all 1 ^ J ^ >7 and n sufficiently large. Moreover, from mass and kinetic energy 
decoupling. Proposition [2T6l and (|5.3|) . there exists 7 = 7 (Ao,F)^°) > 0 such that 

(5.8) ||V(^^||L 2 (n)||(;i^||i 2 (Q) < ( 1 -7)||V(5||l2(r3)||Q||l2(r 3) 
for all 1 < j < J and n sufficiently large. 
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If j conforms to Case 1 and = 0, we define ; P x —>■ C to be the maximal- 
lifespan solution to (HID with initial data . If instead —>■ ±oo, we 

dehne : P x 11 —>■ C to be the maximal-lifespan solution to (ED which scatters 
to as t —>■ ±oo. In both cases, we define v^{t,x) = v^t + Note that 

is also a maximal-lifespan solution on = P —{Pn}. Moreover, for n sufficiently 
large we have 0 S and 

(5-9) lim ||w^(0) - = 0. 

Combining this with F{(j}l^) < F^° — S, (15.2L and (15.81) . we see that v-^ is a global 
solution to (ED with finite spacetime bounds. Therefore, we can approximate 
by X R^) functions. For any £ > 0 we choose -ipi € x R^) such that 

-i’lWx^R) < e/2. 

Define ipl = ipl- Changing variables, for n sufficiently large we get 

(5-10) +ti)\\x^(R) <e. 

If j conforms to Case 2, we apply Theorem 14.II to obtain a global solution to 
(ED with vi^{0) = (/)/,. By Theorem 14.11 this solution has finite spacetime bounds 
and satisfies (j5.10l) . 

In all cases, we may use (ED together with the bounds on the spacetime norms 
of to deduce 

(5-11) IknlUi(R) ^F^°,S 1- 

Combining this with (15.6|) yields 

.7 .7 

(5-12) limsup V <pXo g ^ 1, 

n—>oo . , ° ■ 1 ° ’ 

J = 1 7 = 1 

uniformly for finite J < J*. Using also (|5.10l) and the asymptotic decoupling of 
parameters (13.141) . one immediately deduces that 

^ 1 uniformly for finite J < J*. 

XI (R) ’ 

Moreover, the same argument combined also with (15.61) shows that for given rj > 0 
there exists J' = J'{r]) such that 

< r] uniformly in J > J^ 

XI (R) 

We are now ready to construct an approximate solution to (ED- For each n and 
J we dehne 

.7 

(5.15) ui-.= Y,vi + F*^-wi. 

7 = 1 

Obviously it/ is dehned globally in time. We will verify that for n and J large, it/ 
is an approximate solution to (ED with global hnite spacetime bounds and that 
17 /( 0 ) is a good approximation for 17„(0) in iJ/(0). An application of Lemma [H] 
then yields that it„ satishes hnite spacetime bounds globally in time, uniformly in 
n large. This contradicts (15.41) and so Scenario 2 cannot occur. 


(5.14) 


lim sup 


(5.13) 


lim sup 
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We now turn to verifying the claims we made above about 
Claim 1: Asymptotic matching of the initial data: For any finite J we have 

Im ||u;^(0) - Wn(0)||i/i(n) = 0. 
n—foo 0 ^ ' 


Indeed, this follows immediately from (15.51) . (15.91) . and (15.151) . 
Claim 2: Finite spacetime bounds for w^-. 

limsup ||m;[|Ui(r) 5 1 uniformly in J. 

n—^oo ^ ’ 

This follows easily from (|5.13p and the Strichartz estimate. 
Claim 3: u:^ is an approximate solution to (ED for n, J large: 

lini^ limsup \\{idt + Aa)^;^ + = 0. 

n—^oo 

Denote F{z) := —\z\^z and write 


{idt + ^Q.)ui 


(5.16) 


F{ui) = Y,no - nui) 

i=i 

= E - F{ui). 

1=1 D =1 


Using the equivalence of Sobolev spaces, we obtain 
J / J 


Y.Fivi)-FiY: 


1=1 


1=1 


N^( 


< 




' r 3 r 23 ^ " r 3 r 23 


E IknIUi + E ll'^nlli! 

1/fc j^k 


which converges to zero as n —i oo in view of (15.111) and the asymptotic orthogo¬ 
nality of parameters (I3.14p combined with (I5.10p . 

We now turn to estimating the second difference in (I5.16p . We will show 

(5.17) lim limsup \\F{ui - - F(u;()||jvi(r) = 0. 

J—^OO 


Using Holder, Claim 2, and Strichartz, we estimate 




' T T 


< 
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which converges to zero as n —>■ c» and J —>■ oo. Similarly, 

\\V[F{ui) - F{ui-e^*^-wi)]\Uo 

1 


<^||Vu;:il _ MWuiW;. 




TT 


El 

/c=0 




j|<Ve* 




‘w"\t 2 e 




< 


El 




To prove (15.171) . it thus remains to show that 

lim limsup =0. 

Using (15.141) . Holder, and Strichartz, this further reduces to showing that 
lim limsup =0 for each 1 < j < 

J—^oo n—yoo 


This however follows easily from (15.101) and Corollary 12.Ill 

This completes the proof of Claim 3 and so the proof of the proposition. 


□ 


6. Proof of Theorem 11.41 

We will prove Theorem 11.41 in two steps. First we will show that the Palais- 
Smale condition guarantees that the failure of Theorem II.41 implies the existence of 
almost periodic counterexamples. In the second step, we will use a virial argument 
to preclude the existence of such almost periodic solutions. 

Theorem 6.1 (Existence of almost periodic solutions). Suppose Theorem \1.4\ fails. 
Then there exist Aq G (0,oo), a critical value F^° < Ff'°, and a global solution u 
to dLU with F{u) = Ff^°, which blows up in both time directions in the sense that 

S>oiu) = S<oiu) = oo, 

and whose orbit {u{t) : t G R} is precompact in i7g(H). 

Proof. If Theorem 11.41 fails, then there exist Ag G (0,oo), a critical value F^° < 
Ff‘°, and a sequence of solutions Un ■ In x ^ ^ 'C such that F{un) F^° and 
'5'/„(Rn) ^ OO- Let tn G In be such that S'>t„(u„) = S<t^{un) = \Si^(un)', then 

(6.1) lim S>t„iun) = lim S'<t„(u„) = oo. 

n—>-oo n—^oo 

Applying Proposition 15.11 and passing to a subsequence if necessary, we find (f G 
i7g(r2) such that Un(tn) —>■(/) in In particular, F^°{(j)) = F^°. 

Let u : J X fl —C be the maximal-lifespan solution to m with initial data 
u(0) = (j). Using Lemma HH] and (16.IL we get 

(6.2) S>o{u) = S<o{u) = oo. 

Note that as Ff'° < Ff‘°, Proposition 12.161 guarantees that < 

C{Ff'°) < oo. Thus, by the standard local theory for m ( see Theorem [T31) , we 
obtain that u is global in time. 

Finally, we note that the orbit of u is precompact in Hq{TI). Indeed, for any 
sequence {tl^} C /, (16.21) implies that S<t'^{u) = S>t>^{u) = oo. An application 
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of Proposition 15.11 then yields that {w(t^)} admits a subsequence that converges 
strongly in Hq{^). □ 


Proof of Theorem \1.4\ Assume that Theorem 11.41 fails and let u be the minimal 
blowup solution given by Theorem 16.11 By Lemma 12.121 

dtlm u{t,x)dku{T,x)dk(j)R{x) dx > / 4\Vu{t,x)\'^ — 5\u{t,x)\'^ dx 
Jn Jn 

— ofR~^+ f \u{t,x)\‘^ + \Vu{t,x)\'^ dx\ . 
^ J\x\>R ' 

By Proposition 12.161 there exists a small constant c > 0 such that 

/ A\Vu{t,x)\^ — 3\u{t,x)\‘^ dx > c, 

Jn 

uniformly for f S K. Therefore, as the orbit of u is precompact in iLQ(O), we can 
guarantee that 

dtlm I u{t, x)dku{T, x)dk(t>R{x) dx > f, 

Jn 

by taking R large enough. Integrating this over [0,T] and using Cauchy-Schwarz, 
we get 


-T < 
2 ^ — 


Im / u{T,x)dku{T,x)dk4>R{x)dx-Im / uo{x)dkUo{x)4>R{x) dx 

Jq Jq. 

< A||w||L~i2(Rxn) ||VM||L~L2(Rxn) ^ R- 
Taking T sufficiently large, we derive a contradiction. 


□ 


7. Proof of Proposition 11.51 

The goal of this section is to prove Proposition 11.51 Recall that without loss of 
generality, we may assume that 0 S C B{0, 1). 

We will prove the proposition for A = 1/2, because for this value of A, the 
optimizer is the unrescaled ground state Q: 

inf 

Ai>0 

The proof for arbitrary A € (0, oo) runs exactly parallel, but with messier formulas. 
Indeed, the general case can be reduced to A = 1/2 via rescaling. 

To see that Q does indeed correspond to A = 1/2, one needs to exploit the 
Pohozaev identities obeyed by solutions to AQ + = Q, namely, 

(7.1) [ \Q{x)\^dx=\ [ \Q{x)\^dx = ^ [ \VQ{x)\'^dx. 

JRS Jr3 Jr3 

To construct our sequence of solutions with diverging spacetime bounds, we 
consider the initial data: 

4>n{x) := (1 - en)xix)Qix + Xn) where £„ 0, \xn\ -)• oo, 

and X is a smooth cutoff such that x{x) = 0 for |x| < 1 and x{x) = 1 for |x| > 2. 
More precisely, for a fixed sequence {e„} converging to zero, we choose {xn} C 
marching off to infinity rapidly enough that 

IIV</n||L 2 (Q)||(/„||i 2 (n) < ||V(3||i2(R3)||(3||i2(R3) aud Z' F^^. 
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That this is possible follows from the dominated convergence theorem and the 
following consequence of (EH): 

^i/2((i _ = [l — 4£^ + for e small enough. 

By Proposition 12.161 there exists a unique global solution u„ : K x ^ C to 
EH with initial data Un(0) = (j)n- We will prove that for n sufficiently large, 

Un{t,x) := e*Vn(a:) 

is an approximate solution to EH on any fixed compact time interval [—T,T\. 
More precisely, we will show that for a fixed T > 0, 

(7.2) lim 11 (f T -t- lun \ Un 

Therefore, by Lemma 12.91 for n sufficiently large we get 

\Wn\\Ll^{[-T,T]xn) ^ l|■Wr^llL5^([-^.T]xn) T. 

As T > 0 is arbitrary, this gives the desired blowup of the L® ,,,-norm as n ^ oo. 

It remains to prove (EH- A simple computation shows that 

[{idt + An)M„ + \Un\^Un] (x) 

= e**(l - £n) [(x^ - X){x)Q{x + Xn) + 2Vxix)VQ{x + Xn) + Axix)Q{x + Xn)] 

- e**e„(l - £„)(2 - en)x^ix)Q{x + Xn). 

By the dominated convergence theorem, we see that the T, T])-norm of the 

sum in the square brackets converges to zero as \xn\ —t oo. Taking e„ ^ 0, one can 
also render arbitrarily small the A^([—T, r])-norm of the last term on the right- 
hand side of the equality above. This proves (EH and so completes the proof of 
Proposition [T31 □ 


References 

[1] R. Anton, Global existence for defocusing cubic NLS and Gross-Pitaveskii equations in ex¬ 
terior domains. J. Math. Pares Appl. 89 (2008), no. 4, 335—354. 

[2] M. D. Blair, H. F. Smith, and C. D. Sogge, Strichartz estimates and the nonlinear Schrodinger 
equation on manifolds with boundary. Math. Ann. 354 (2012), 1397-1430. 

[3] H. Brezis and E. Lieb, A relation between pointwise convergence of functions and convergence 
of functionals. Proc. Amer. Math. Soc. 88 (1983), 486-490. 

[4] J. Colliander, M. Keel, G. Staffilani, H. Takaoka, and T. Tao, Global well-posedness and 
scattering for the energy-critical nonlinear Schrdinger equation in R^. Ann. of Math. (2) 167 
(2008), no. 3, 767-865. 

[5] T. Duyckaerts, J. Holmer, and S. Roudenko, Scattering for the non-radial 3D cubic nonlinear 
Schrodinger equation. Math. Res. Lett. 15 (2008), no. 6, 1233-1250. 

[6] J. Holmer and S. Roudenko, A sharp condition for scattering of the radial 3D cubic nonlinear 
Schrodinger equation. Comm. Math. Phys. 282 (2008), no. 2, 435-467. 

[7] O. Ivanovici, On the Schrodinger equation outside strictly convex obstacles. Anal. PDE 3 
(2010), 261-293. 

[8] R. Killip and M. Visan, The focusing energy-critical nonlinear Schrodinger equation in di¬ 
mensions five and higher. Amer. J. Math. 132 (2010), 361-424. 

[9] R. Killip, M. Visan, and X. Zhang, Harmonic analysis outside a convex obstacle. Preprint, 
arXiv: 1205.5784. 

[10] R. Killip, M. Visan, and X. Zhang, Quintic NLS in the exterior of a strictly convex obstacle. 
Preprint, arXiv: 1208.4904. 

[11] F. Planchon and L. Vega, Bilinear virial identities and applications. Ann. Sci. Ec. Norm. 
Super. 42 (2009), no. 2, 261-290. 




26 


R. KILLIP, M. VISAN, AND X. ZHANG 


[12] Q. S. Zhang, The global behavior of hear kernels in exterior domains. J. Fund. Anal. 200 
(2003), 160-176. 

Department of Mathematics, University of California, Los Angeles, CA 90095 
E-mail address: killipSmath.ucla.edu 

Department of Mathematics, University of California, Los Angeles, CA 90095 
E-mail address: visanSmath.ucla.edu 

Department of Mathematics, University of Iowa, Iowa City, IA 52242 and the Chinese 
Academy of Science, Beijing 

E-mail address: xiaoyi-zhangSuiowa.edu 



